
PreCalc  Notes 

1.10 Direct, Inverse, and Joint Variation             Date: ___________ 

Learning Target:  I can model and solve problems of direct, inverse, combined and joint variations. 

Direct Variation 

A direct variation is a special linear model that has a y-intercept of 0. 

𝒚 = 𝒌𝒙;  for some nonzero constant 𝒌 

k is the variation constant or constant of proportionality 

We say: “y varies directly as x” or “y is directly proportional to x” 

Example 1. In Pennsylvania, the state income tax is directly proportionoal to gross income.  You are 

working in Pennsylvania and your state income tax deduction is $46.05 for a gross monthly income of 

$1500.  Find a mathematical model that gives the Pennylvania state income tax in terms of gross 

income. 

 

 

 

 

Example 2. The simple interest on an investment is directly proportional to the amount of the 

investment.  For instance, an investment of $2500 will earn $187.50 after one year.  Find a 
mathematical model that gives the interest, 𝐼, after one year in terms of the amount invested, 𝑃. 

 

 

 

 

 

Direct Variation as an nth Power 

Another type of direct variation relates one variable to a power of another variable. 

 

𝒚 = 𝒌𝒙𝒏;  for some nonzero constant 𝒌 

We say: “y varies directly as the nth power of x” or “y is directly proportional to the nth power of  x” 

 

For example, in the formula for the area of a circle,  

𝑨 = 𝝅𝒓𝟐 

The area A is directly proportional to the square of the radius r, and 𝝅 is the constant of 

proportionality. 
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Example 3. The distance a ball rolls down an inclined plane is directly proportional to the square of the 

time it rolls. During the first second, the ball rolls 8 feet.  

a. Write an equation relating the distance traveled to the time. 

 

 

 

b. How far will the ball roll during the first 3 seconds? 

 

 

Example 4. Neglecting air resistance, the distance d an object falls varies directly as the square of the 

duration t of the fall.  An object falls a distance of 144 feet in 3 seconds. 

a. Write an equation relating the distance fallen to the time. 

 

 

 

b. How far does the object fall in 6 seconds? 

 

 

Inverse Variation 

Two quantities can also vary inversely, as follows: 

Inverse Variation Inverse Variation as an nth Power 

𝑦 =
𝑘

𝑥
 or 𝑦 = 𝑘 ∙ (

1

𝑥
) 

for some nonzero constant k 

𝑦 =
𝑘

𝑥𝑛
 or 𝑦 = 𝑘 ∙ (

1

𝑥𝑛
) 

for some nonzero constant k 
“y varies inversely as x” 

or 
“y is inversely proportional to x” 

“y varies inversely as the nth power of x” 
or 

“y is inversely proportional to the nth power of x” 
 

Example 5. A company has found that the demand for one of its products varies inversely as the price 
of the product.  When the price is $6.25, the demand is 400 units.  

a. Write an equation relating the price to the demand. 

 

b. Approximate the demand when the price is $5.75. 
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Example 6. The same company found that the demand for another one of its products varies inversely 

as the price of the product.  When the price is $2.75, the demand is 600 units. 

a. Write an equation relating the price to the demand. 

 

 

 

b. Approximate the demand when the price is $3.25. 

 

 

Combined Variation 

Some applications of variation involve problems with both direct and inverse variations in the same 

model.   

Example 7. A gas law states that the volume of an enclosed gas varies directly as the temperature and 

inversely as the pressure, as shown in the figure.  The pressure of a gas is 0.75 kilograms per square 

centimeter when the temperature is 294 K and the volume is 8000 
cubic centimeters.  

a. Write an equation relating the pressure, temperature and 
volume. 

 

 

 

b. Find the pressure when the temperature is 300K and the 
volume is 7000 cubic centimeters. 

 

 

Example 8. y varies directly as 𝑥 and inversely as the cube of 𝑧.  𝑦 = 40 𝑎𝑛𝑑 𝑥 = 90 𝑎𝑛𝑑 𝑧 = 4.   

a. Write an equation relating 𝑥, 𝑦, and 𝑧. 

 

 

b. Find y when 𝑥 = 5 and 𝑧 = 8. 
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Joint Variation 

Joint Variation Joint Variation as an nth  and mth Power 
𝑧 = 𝑘𝑥𝑦 

for some nonzero constant k 
𝑧 = 𝑘𝑥𝑛𝑦𝑚 

for some nonzero constant k 
“z varies jointly as x and y” 

or 
“z is jointly proportional to x and y” 

“z varies jointly as the nth power of x and the mth power of y” 
or 

“z is jointly proportional to the nth power of x and the mth power of  y” 

 
 

Example 9. The kinetic energy E of an object varies jointly with the object’s mass m and the square of 

the object’s velocity v.  An object with a mass of 50 kilograms traveling at 16 meters per second has a 
kinetic energy of 6400 joules.   

a. Write an equation relating the object’s kinetic energy, mass, and velocity. 

 

 

 

b. What is the kinetic energy of an object with mass of 70 kg and traveling at 20 m/sec? 

 

 

 

Example 10. 𝑎 varies jointly as 𝑏 and 𝑐.  𝑎 = 30 when 𝑏 = 2 and 𝑐 = 5.   

a. Write an equation relating 𝑎, 𝑏, and 𝑐.  

 

 

 

 

b. Find 𝑎 when 𝑏 = 10 and 𝑐 = 14. 


